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1 Introduction
By a flow on a unital C∗-algebra A we mean a strongly continuous one-parameter auto-
morphism group. The infinitesimal generator δα of a flow α is a closed derivation in A, by
which we mean that δα is a closed linear operator which is defined on a dense *-algebra
D(δα) and satisfies that δα(x)
∗ = δα(x
∗) and δα(xy) = δα(x)y + xδα(y). See [1, 4, 17] for
the general theory of derivations.
If α is a flow and u = (ut) is a one-parameter family of unitaries of A such that t 7→ ut
is continuous and usαs(ut) = us+t for all s, t ∈ R, we say that u is an α-cocycle. Then
Ad uα : t 7→ Ad uαt is a flow and is called a cocycle perturbation of α. If u is differentiable
with
h = −i
dut
dt
|t=0,
then Ad uα is an inner perturbation of α in the sense that δAduα = δα+ad ih, where ad ih
is the inner derivation defined by ad ih(x) = i(hx − xh) for x ∈ A. We write Ad uα also
as α(h) in this case.
If v is a unitary which is not in the domain D(δα), then the flow
Ad v αAd v∗ : t 7→ Ad vαt(v
∗)αt,
which is conjugate to α, is a cocycle perturbation of α but not an inner perturbation. In
general a cocycle perturbation is conjugate to an inner perturbation since any α-cocycle
u is cohomologous to a differentiable one w, i.e., ut = vwtαt(v
∗) for some unitary v (see
[12]).
By an inner flow we mean a flow given by t 7→ Ad eiht = et adih for some self-adjoint
element h in A. We say that α is approximately inner if there is a sequence (hn) in Asa
such that αt = limAd e
ihnt, i.e., αt(x) = limAd e
ihnt(x) for every t ∈ R and x ∈ A, or
equivalently, uniformly continuous in t on every compact subset of R and every x ∈ A.
When A is an AF C∗-algebra, we call α an AF flow if there is an increasing se-
quence (An) of finite-dimensional C
∗-subalgebras of A such that 1A ∈ A1, A = ∪nAn
and αt(An) = An for all n and t. In this case there is an hn in (An)sa such that
1
αt|An = Ad e
ihnt|An and hence α is approximately inner. (The term AF flow is coined
in [2] while the adjective locally representable is used in [12] and elsewhere to refer to the
same object.)
When A is a UHF C∗-algebra, we call α a UHF flow if there is an increasing sequence
(An) of full matrix C
∗-subalgebras of A such that 1A ∈ A1, A = ∪nAn, and αt(An) = An
for all n and t. If we set Bn = An∩A
′
n−1 with A0 = 0, then A
∼=
⊗∞
1 Bn and αt(Bn) = Bn
for all n. Namely α is of infinite tensor product type. Note that UHF flows are AF
flows and there are AF flows on UHF C∗-algebras which are not UHF flows. This follows
because there are AF flows which have more than one KMS states for some temperature
while UHF flows always have a unique KMS state for any temperature (see e.g., [12]).
We call α a compact flow if the closure of αR in Aut(A), the automorphism group of
A, is compact, or equivalently, if there is an increasing sequence (Vn) of finite-dimensional
subspaces of A such that A = ∪nVn and αt(Vn) = Vn for all n and t. A periodic flow is
compact but there are more. If α is an AF flow, then it is compact.
In [13] we refer to locally inner (or locally representable) flows as a generalization
of AF flows. That is, a flow α is locally inner if there is an increasing sequence (An)
of (arbitrary) C∗-subalgebras of A such that A = ∪nAn and α leaves An invariant and
restricts to an inner flow on An. Apparently AF flows are locally inner and locally inner
flows are approximately inner. But there seems to be no obvious relation between compact
flows and locally inner flows.
When A is a UHF C∗-algebra, we have the following implications for flows:
UHF flows ⇒ AF flows
{
⇒ Locally inner flows
⇒ Compact flows
where the reverse implications are false (for the latter note that the examples of non-AF
flows constructed in [13] are locally inner and compact).
There is certainly a non-compact flow (e.g., a flow with some asymptotic abelianess),
but we do not seem to know if there is a flow which is not even a cocycle perturbation of
a compact flow. If there is a flow which is not approximately inner (against the Powers-
Sakai Conjecture [17]), it is likely that we have such a one among the compact (or even
periodic) flows since there is such a one for some simple AF C∗-algebra, which is obtained
from [14] and Lin’s classification theorem for simple C∗-algebras of tracial topological
rank zero. Hence there may be no inclusion relation between the compact flows and the
approximately inner flows.
In this note we will briefly discuss compact flows and then look into UHF flows, a
simplest kind of flows!
We will show in 2.2 that if α is an approximately inner compact flow on A, then the
domain D(δα) of the generator δα contains a maximal abelian C
∗-subalgebra (masa for
short) of A, a property which obviously holds for locally inner flows. We here refer to a
result that the AF flows are characterized by the property that the domain contains a
canonical AF masa (see [13] for details).
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When A is a UHF C∗-algebra such that A ⊗ A ∼= A, we call a UHF flow γ on A
universal if γ ⊗ α is cocycle conjugate to γ for any UHF flow α on A (i.e., there is an
isomorphism ϕ of A ⊗ A onto A such that γ ⊗ α is a cocycle perturbation of ϕ−1γϕ).
There exist universal UHF flows on A (as shown in 3.1) and they are mutually cocycle
conjugate, or even almost conjugate (see 4.5). In the case of the CAR algebras we will
construct a universal UHF flow in a simple way extending a result given in [12]; see 5.1.
When α is a flow on A and σ is the flip automorphism of A ⊗ A, i.e., σ(x ⊗ y) =
y ⊗ x, x, y ∈ A, we say that σ is α-invariantly approximately inner if there is a sequence
(un) of unitaries in A⊗A such that σ = limAd un and ‖(αt ⊗ αt)(un)− un‖→0 for each
t ∈ R, or equivalently uniformly in t on every compact subset of R. We shall prove for an
approximately inner flow α that α⊗γ is a cocycle perturbation of a (universal) UHF flow
if and only if σ is α-invariantly approximately inner, where γ is a universal UHF flow;
see 4.6. We do not really have any application of this result (except for a result on quasi-
UHF flows; see 4.7) but this is a first attempt to characterize UHF flows; see [13, 2] for
some results on AF flows. We shall also note that if the flip is α-smoothly approximately
inner, i.e., if we replace the condition ‖(αt ⊗ αt)(un) − un‖→0 by that (αt ⊗ αt(un)) is
equi-continuous in the above definition, then α has a unique KMS state for each inverse
temperature, see 4.3. This follows from [8] and applies to the one-dimensional quantum
lattice systems, thus providing another proof of the well-known uniqueness result.
2 Compact flows
Proposition 2.1 Let A be a separable C∗-algebra and α a flow on A. Then the following
conditions are equivalent:
1. The closure of {αt | t ∈ R} in Aut(A) is compact.
2. For each x ∈ A the closure of {αt(x) | t ∈ R} is compact.
3. For each x of a dense subset of A the closure of {αt(x) | t ∈ R} is compact.
4. The linear span of Ap = {x ∈ A | αt(x) = e
iptx} for all p ∈ R is dense in A.
5. There is an increasing sequence (Vn) of finite-dimensional subspaces of A such that
A = ∪nVn and αt(Vn) = Vn for all n and t.
Proof. (1)⇒(2)⇒(3) is obvious. To show that (3)⇒(1) let (xn) be a dense sequence
(xn) in the dense subset of A given in (3) and let (tn) be a sequence in R; then there is
a subsequence (tn(k)) such that both (αtn(k)(xm)) and (α−tn(k)(xm)) converge for any m.
Then the (strong) limit of (αtn(k)) exists as an automorphism. This implies (1).
If (1) holds, then the closure of αR is a compact abelian group and hence (4) follows.
It is immediate that (4)⇒(5)⇒(3).
We recall that α is said to be a compact flow if the conditions in 2.1 are satisfied.
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Proposition 2.2 Let A be a unital separable simple C∗-algebra and α a flow on A. If
α is an approximately inner compact flow, then D(δα) contains a maximal abelian C
∗-
subalgebra of A.
Proof. Since α is approximately inner, α has a pure ground state ω. If G denotes the
closure of αR, then ω is left invariant under G. Thus the GNS representation associated
with ω is a G-covariant irreducible representation π of A. Since A is simple, π is faithful.
Let U be a continuous representation of G on Hπ such that Ugπ(x)U
∗
g = πg(x) for
x ∈ A. There is an orthogonal family (Ep)p∈Gˆ of projections such that Ug =
∑
p < g, p >
Ep, where Gˆ is the character group of G; Gˆ is a countable discrete abelian group. Let
AG = {x ∈ A | ∀g ∈ G, g(x) = x} and denote by πp the representation of A
G on EpHπ,
i.e., πp(a) = π(a)|EpHπ, a ∈ A
G. It follows that {πp | p ∈ Gˆ} is a disjoint family of
irreducible representations of AG since π(AG)′ = U ′′G. Under this circumstance we will
show that there is a maximal abelian C∗-subalgebra (masa) of AG which is also a masa
in A.
By the following lemma there is an h ∈ (AG)sa such that π(h) ∼= ⊕p∈Gˆπp(h) is diagonal
and all the eigenvalues of π(h) have multiplicity one. Let C be a masa of AG such that
C ∋ h. Since A ∩ C ′ is G-invariant, A ∩ C ′ is the closed linear span of the eigenspaces of
G|A∩C ′. Let x ∈ A∩C ′ be a nonzero element such that g(x) =< g, q > x, g ∈ G for some
q ∈ Gˆ. Then there must be a p ∈ Gˆ and a unit vector ξ in EpH such that π(x)ξ 6= 0 and
π(h)ξ = λξ for some λ ∈ R. Since π(x)ξ ∈ Ep+qH and π(h)π(x)ξ = π(x)π(h)ξ = λπ(x)ξ,
π(x)ξ is a constant multiple of ξ. This implies that q = 0 and then x ∈ C. Thus we can
conclude that C is a masa in A.
Lemma 2.3 Let A be a separable C∗-algebra and let (πn) be a sequence of irreducible
representations of A such that ifm 6= n then πm is disjoint from πn. If (Sn) is a sequence of
dense subsets of R then there is an h ∈ Asa such that πn(h) is diagonal and PSp(πn(h)) ⊂
Sn for all n. Furthermore h can be chosen so that all the eigenvalues of πn(h) have
multiplicity one for every n.
Proof. We will construct a sequence (hn) in Asa and an increasing sequence (ekn)n≥k of
finite-dimensional projections on Hk = Hπk for each k such that ‖hn‖ < 2
−n, limn ekn = 1,
πk(hn)ek,n−1 = 0 for k = 1, 2, . . . , n− 1, and for Hn = h1 + h2 + · · ·+ hn,
[πk(Hn), ekn] = 0, k = 1, 2, . . . , n
PSp(πk(Hn)|eknHk) ⊂ Sk, k = 1, 2, . . . , n,
where PSp denotes the set of eigenvalues. Then we will let h = limnHn and then since
πk(h)ek,n = πk(Hn)ekn, we will have that PSp(πk(h)) ⊂ Sk for all k.
To construct such sequences as above, we will argue inductively by using Kadi-
son’s transitivity theorem (see, e.g., 1.21.16 of [18]). Suppose that we have constructed
h1, h2, . . . , hn and ekm with n ≥ m ≥ k satisfying the above conditions. With Hn =
4
h1+ · · ·hn let Ek be the spectral measure of πk(Hn) for k = 1, 2, . . . , n+1. For each k we
find a finite family Fk of disjoint translates of [0, 2
−n−1) and a family {ξ(I)}I∈Fk of unit vec-
tors in (1−ekn)Hk such that Ek(I)ξ(I) = ξ(I) and the linear span of ξ(I), I ∈ Fk is so large
that it almost contains any prescribed vector from (1− ekn)Hk. Choose λI ∈ Sk ∩ I and
let PI denote the projection onto the linear space spanned by ξ(I) and (πk(Hn)−λI)ξ(I).
Then the family (PI)I∈Fk is mutually orthogonal and the sum Pk =
∑
I PI is orthogonal
to ekn. It follows that ‖Pk(πk(Hn)−
∑
I λIPI)Pk‖ = ‖
∑
I PI(πk(Hn)− λIPI)PI‖ < 2
−n−1.
We will then choose an hn+1 ∈ Asa such that ‖hn+1‖ ≤ 2
−n−1, [πk(hn+1), Pk] = 0 for
k ≤ n + 1, πk(hn+1)ekn = 0 for k ≤ n, and πk(hn+1)Pk = −(πk(Hn) −
∑
I λIPI)Pk for
k = 1, 2, . . . , n+ 1. Then we obtain that πk(Hn + hn+1)ξ(I) = λ(I)ξ(I). We let ek,n+1 be
the sum of ekn (0 if k = n + 1) and the projection onto the linear span of ξ(I), I ∈ Fk.
Thus we have constructed hn+1, ek,n+1 as required. (A similar argument is used in [9].)
Remark 2.4 In 2.2 the assumption that α is approximately inner is made to ensure that
there is a G-covariant irreducible representation for G = αR. This assumption certainly is
not necessary as we can see from the following example. If α is a flow on the Cuntz algebra
O2 = C
∗(s1, s2) such that αt(sj) = e
iµj tsj , where µ1, µ2 are rationally independent, then
α is compact and G is the gauge action γ of T2 given by γz1,z2(sj) = zjsj. In this case
α is not approximately inner but γ has a covariant irreducible representation. Hence the
conclusion of 2.2 follows for this α (though it is easy to show that directly). On the
other hand there is an example of a compact flow where G does not have a covariant
irreducible representation. For example if α is a flow on the irrational rotation C∗-
algebra Aθ = C
∗(u1, u2) with u1u2 = e
2πiθu2u1 and θ irrational such that αt(uj) = e
iµjtuj,
where µ1, µ2 are rationally independent, then G is the gauge action γ of T
2 given by
γz1,z2(uj) = zjuj. Since γ is ergodic, only the tracial representation is covarint though
there is an α-covariant irreducible representation [9]. In this case we do not know whether
the domain D(δα) contains a masa or not.
3 Universal UHF flows
We say that a flow α on A is almost conjugate to a flow β on B and denote it by α
ac
∼ β
if for any ǫ > 0 there is an isomorphism ϕ of A onto B such that ‖αt − ϕ
−1βtϕ‖ < ǫ for
t ∈ [−1, 1]. If A (or B) is separable and simple and α
ac
∼ β, then α
cc
∼ β, i.e., α is cocycle
conjugate to β (see 1.2 of [12]). To prove this we use the fact that if A is simple and
‖αt − ϕ
−1βtϕ‖ < 2, then there is a unitary ut ∈ A such that αt = Ad utϕ
−1βtϕ. To get
an α-cocycle from the family (ut) of unitaries so obtained for small |t|, we may use 8.1 of
[16], which requires separability.
Let A be a UHF C∗-algebra such that A⊗ A ∼= A. We recall that a flow γ on A is a
universal UHF flow if γ ⊗ α
cc
∼ γ for any UHF flow α on A.
Proposition 3.1 If A is a UHF C∗-algebra such that A⊗A ∼= A, then there is a universal
UHF flow γ on A.
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Proof. There exists a (finite or infinite) sequence (pi) of prime numbers such that A ∼=
⊗iMp∞
i
. Let S be the set of integers which are of the form pki1 p
k2
2 · · · p
kn
n with ki ≥ 0.
Then it follows that A ∼= ⊗q∈SMq∞ . For each q ∈ S let (hn) be a dense sequence in the
self-adjoint diagonal matrices of Mq. We define a flow γ
(q) on the UHF C∗-algebra Mq∞
by
∞⊗
n=1
Ad eithn
and define a flow γ on A by ⊗q∈Sγ
(q).
If α is a UHF flow on A, then there are an infinite sequence (qn) in S and a sequence
(kn) with kn ∈Mqn being self-adjoint and diagonal such that α is conjugate to
∞⊗
n=1
Ad eitkn .
Hence γ ⊗ α is of the same form as γ = ⊗q∈Sγ
(q) (by tensoring γ(q) with ⊗n:qn=qAd e
itkn)
but the sequence (h′n) defining the flow on Mq∞ may be different from the (hn) defining
γ(q) for some q ∈ S. But since they are dense in the self-adjoint diagonal matrices of Mq∞
for any q ∈ S, we can conclude that γ ⊗ α is cocycle conjugate to γ, i.e., γ ⊗ α
cc
∼ γ. (As
a matter of fact γ ⊗ α
ac
∼ γ.)
Let F (A) denote the set of flows on A. We give a topology on F (A) by
d(α, β) =
∞∑
n=1
2−nmax
|t|≤1
‖αt(xn)− βt(xn)‖,
where (xn) is a dense sequence of the unit ball of A. That is, αn converges to α if αnt(x)
converges to αt(x) uniformly in t on [−1, 1] for all x ∈ A. Let AIF (A) denote the set of
approximately inner flows on A, i.e., the closure of inner flows.
Proposition 3.2 Let A be a UHF C∗-algebra such that A ⊗ A ∼= A and γ a universal
UHF flow on A. Then
{ϕ−1γϕ | ϕ ∈ Aut(A)} ≡ C(γ)
is dense in AIF (A).
Proof. Let h ∈ Asa. It suffices to show that the closure of C(γ) contains the inner flow
t 7→ Ad eith.
Since γ is a universal UHF flow, it follows that γ ⊗ (⊗∞Ad eith)
cc
∼ γ, i.e., there is an
isomorphism ϕ of A⊗ (⊗∞A) ≡ ⊗∞A onto A and a k ∈ Asa such that
γt ⊗ (
∞⊗
Ad eith) = ϕ−1γ
(k)
t ϕ,
where γ(k) is the inner perturbation of γ by ad ik. Let ϕn denote the homomorphism of
A into A obtained by restricting ϕ to the n+ 1’st factor of ⊗∞A. Then we have that
lim
k→∞
(ϕnAd e
ith(x)− γtϕn(x)) = 0
6
uniformly in t on [−1, 1] for every x ∈ A. Since there are isomorphisms ϕ˜n of A onto
A such that lim(ϕn(x) − ϕ˜n(x)) = 0 for every x ∈ A, we may assume that ϕn’s are all
isomorphisms of A onto A and obtain that Ad eith is the limit of ϕ−1n γϕn ∈ C(γ).
Remark 3.3 If a flow α absorbs the universal UHF flow γ, i.e., α ⊗ γ
cc
∼ α, then the
closure of C(α) contains AIF (A). This follows since for h ∈ Asa,
α⊗ (
∞⊗
Ad eith)
cc
∼ α⊗ γ ⊗ (
∞⊗
Ad eith)
cc
∼ α⊗ γ
cc
∼ α.
Proposition 3.4 If A is a UHF C∗-algebra such that A ⊗ A ∼= A, then the universal
UHF flows on A are mutually almost conjugate. In particular a cocycle perturbation of a
universal UHF flow γ is almost conjugate to γ.
Proof. If α is a UHF flow and γ is a universal UHF flow, it follows that α∞ ⊗ γ∞
cc
∼ γ,
where α∞ = ⊗∞α etc. Hence for any ǫ > 0 there exists a flow ρ on A such that α∞⊗γ∞⊗ρ
is conjugate to γ up to ǫ (i.e., ‖α∞t ⊗γ
∞
t ⊗ρt−ϕ
−1γtϕ‖ < ǫ for any t ∈ [−1, 1] and for some
isomorphism ϕ : A∞→A). Hence α∞ ⊗ γ∞ ⊗ ρ = α⊗ α∞ ⊗ γ∞ ⊗ ρ is conjugate to α⊗ γ
up to ǫ. Hence α⊗ γ
ac
∼ γ. If both α and γ are universal, it follows that α
ac
∼ α⊗ γ
ac
∼ γ.
Remark 3.5 Let A be a UHF C∗-algebra with A ⊗ A ∼= A. Then there is a universal
automorphism γ of A in the sense that γ⊗α is cocycle conjugate to γ for any automorphism
α of A. Namely an automorphism with the Rohlin property is universal (see, e.g., [3, 11,
10, 7]). The universal automorphisms are mutually almost conjugate.
4 The flip automorphism
When A is a UHF C∗-algebra, the flip automorphism σ of A⊗ A defined by σ(x⊗ y) =
y ⊗ x, x, y ∈ A is approximately inner (since σ induces the identity map on K0(A⊗ A),
which has rank one). Hence there is a sequence (un) of unitaries in A ⊗ A such that
σ = limnAd un.
Let α be a flow on A. Since σ(α ⊗ α) = (α ⊗ α)σ, we can ask a question of whether
one can put an extra condition, in connection with α, on the sequence (un) above.
Before turning to this special situation we present the following two propositions to
clarify the conditions we are thinking of (cf. [8]).
Proposition 4.1 Let A be a unital C∗-algebra and let α be a flow on A and σ ∈ Aut(A)
such that σ−1ασ = α. Then the following conditions are equivalent:
1. There is a sequence (un) of unitaries in D(δα) such that σ = limnAd un and
supn ‖δα(un)‖ <∞.
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2. There is a sequence (un) of unitaries in A such that σ = limnAd un and (t 7→ αt(un))
are equi-continuous in n.
Proof. If (1) is satisfied, then so is (2) for the same (un). To go from (2) to (1) we may
need to modify (un). Since a similar technique will apply in the proof of the following
proposition, we do not give it here.
We will express the conditions in the above proposition by saying that σ is α-smoothly
approximately inner, which is weaker than the condition that σ is α-invariantly approxi-
mately inner, which will appear in the following.
Proposition 4.2 Let A be a unital C∗-algebra and let α be a flow on A and σ ∈ Aut(A)
such that σ−1ασ = α. Then the following conditions are equivalent:
1. There is a sequence (un) of unitaries in D(δα) such that σ = limnAd un and
limn ‖δα(un)‖ = 0.
2. There is a sequence (un) of unitaries in A such that σ = limnAd un and ‖αt(un)−
un‖→0 uniformly in t on every compact subset of R.
3. There is a sequence (un) of unitaries in A such that σ = limnAd un and ‖αt(un)−
un‖→0 for every t ∈ R.
Proof. It is obvious that (1)⇒(2)⇒(3).
(3)⇒(2). Let ǫ > 0 and define
In = {t ∈ R | sup
m≥n
‖αt(um)− um‖ ≤ ǫ}.
Since ∪nIn = R and In’s are closed, ∪nI
◦
n is dense in R by the Baire Category theorem,
where I◦n is the interior of In. If (a, a + δ) ⊂ I
◦
n for some a ∈ R, δ > 0, and n, then
‖αt(um)− um‖ ≤ 2ǫ for t ∈ (−δ, δ) and m ≥ n. Then the rest is easy.
(2)⇒(1). Let f be a C∞-function on R with compact support such that f ≥ 0 and∫
f(t)dt = 1 and let, for a small ǫ > 0,
xnǫ = ǫ
∫
f(ǫt)αt(un)dt.
Since
‖xnǫ − un‖ ≤ ǫ
∫
f(ǫt)‖αt(un)− un‖dt,
one can choose a sequence (ǫn) such that ǫn ց 0 and ‖yn − un‖→0 with yn = xnǫn. Note
that yn ∈ D(δα) and that
‖δα(yn)‖ ≤ ǫn
∫
|f ′(t)|dt.
If we denote by vn the unitary obtained by the polar decomposition of yn, the sequence
(vn) satisfies the desired properties.
If a flow α has more than one α-KMS states for some inverse temperature, the following
shows that the flip is not α-smoothly approximately inner.
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Proposition 4.3 Let A be a UHF C∗-algebra and α a flow on A and suppose that the
flip is α-smoothly approximately inner (or more precisely, α ⊗ α-smoothly approximately
inner), i.e., the conditions in 4.1 are satisfied for A⊗A, α⊗α, and the flip automorphism
σ in place of A, α, and σ respectively. Then the the set of α-KMS states is a singleton
(if not empty) for each inverse temperature.
Proof. Let ωi be an α-KMS state at inverse temperature c ∈ R for i = 1, 2. Then ω1⊗ω2
is an α⊗ α-KMS state of A⊗ A at c. Since the flip σ commutes with α⊗ α and the flip
is α-smoothly approximately inner, the flip leaves each α⊗α-KMS state invariant by the
following lemma, i.e., (ω1 ⊗ ω2)σ = ω1 ⊗ ω2 or ω2 ⊗ ω1 = ω1 ⊗ ω2. Hence ω1 = ω2.
The following lemma is shown by M. Fannes et al [8] (or 5.3.33A of [4] vol. II), but
we will present another proof based on the definition of the KMS condition in terms of
holomorphic functions.
Lemma 4.4 Let A be a unital C∗-algebra and let α be a flow and σ ∈ Aut(A) such that
σ−1ασ = α. Suppose that σ is α-smoothly approximately inner. Then ωσ = ω for any
α-KMS states at inverse temperature c ∈ R.
Proof. Let ω be an α-KMS state at inverse temperature c > 0. (The case c < 0 entails
just some notational changes and the case c = 0 is trivial.) By definition, for any x, y ∈ A
there is a bounded continuous function F (z) on Sc = {z ∈ C | 0 ≤ ℑz ≤ c} such that F
is analytic in the interior of Sc and
F (t) = ω(xαt(y)), F (t+ ic) = ω(αt(y)x)
for t ∈ R. Let (un) be the sequence of unitaries as given in 4.1 and denote by Fn,x the
function F obtained by taking unx for x and u
∗
n for y. In particular Fn,x satisfies
Fn,x(t) = ω(unxαt(u
∗
n)), Fn,x(t+ ic) = ω(αt(u
∗
n)unx),
for t ∈ R. Since t 7→ αt(u
∗
n)un is equi-continuous in n, we may assume by passing to a
subsequence that Fn,y converges, for y = x and y = 1, uniformly on every compact subset
of the boundary ∂Sc. Then Fn,y converges, say to Fy, uniformly on every compact subset
of Sc. It follows that Fy is a bounded continuous function on Sc which is analytic in the
interior.
Suppose further that ω is factorial, which causes no loss of generality since the extreme
KMS states are all factorial. Then since (αt(u
∗
n)un) is central, it follows that ω(αt(u
∗
n)unx)
converges to F1(t+ ic)ω(x). This implies that Fx(z) = F1(z)ω(x) for z ∈ R+ ic and hence
for z ∈ Sc. Since Fx(0) = ωσ(x) and F1(0) = 1, we obtain that ωσ(x) = ω(x). Hence
ωσ = ω.
We may apply the above proposition 4.3 to the one-dimensional quantum lattice sys-
tems (since the bounded surface energy condition obviously implies that the flip is α-
smoothly approximately inner), where the uniqueness of KMS states is of course well-
known (see [17]). This is yet another proof.
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When L is a bounded linear map of a C∗-algebra B into a C∗-algebra A, we denote by
‖L‖cb the completely bounded norm defined by supn ‖L⊗ idn‖, where idn is the identity
map on the matrix algebra Mn so that L ⊗ idn is a linear map of B ⊗Mn into A ⊗Mn.
In the following proposition we will use such a norm when B is finite-dimensional and
L is a difference of homomorphisms. In this case it follows from Christensen’s result [5]
that for any ǫ > 0 there is a δ > 0 such that if ‖L‖ < δ then ‖L‖cb < ǫ. (Because if
L = φ1−φ2 has sufficiently small norm with φi a unital homomorphism of B into A, then
there is a unitary u ∈ A such that ‖u − 1‖ is small and φ2 = Ad uφ1, which entails that
‖L‖cb = ‖(id− Ad u)φ1‖cb ≤ 2‖u− 1‖.)
Proposition 4.5 Let A be a UHF C∗-algebra with A⊗A ∼= A and α a flow on A. Suppose
that there exists a sequence (ϕn) in Aut(A) such that ϕ
−1
n αϕn→α and (ϕn(x)) is central
for any x ∈ A and that the flip is α-invariantly approximately inner.
Then for any unital finite type I subfactor A1 of A and ǫ > 0 there is a finite type I
subfactor B of A with B ⊃ A1 such that if ϕ ∈ Aut(A) satisfies that for any t ∈ I =
[−1, 1],
‖(αt − ϕ
−1αtϕ)|B‖cb < ǫ
′
for some ǫ′ > 0, then there is a unitary u ∈ A such that
max
t∈I
‖αt(u)− u‖ < ǫ
′ + ǫ,
‖(ϕ− Ad u)|A1‖ < ǫ.
Proof. Let σ denote the flip of A ⊗ A. By the assumption on α there exists a unitary
u ∈ A⊗A such that
Ad u|A1 ⊗ A1 = σ|A1 ⊗A1,
max
t∈I
‖αt ⊗ αt(u)− u‖ < ǫ/2.
We may suppose that there is a finite type I subfactor B of A such that B ⊗ B ∋ u and
B ⊃ A1.
By using the (ϕn) and ϕ in the statement, we define linear maps ι⊗ϕn and ϕ⊗ϕn of
the algebraic tensor product A⊙ A into A by
ι⊗ ϕn(x⊗ y) = xϕn(y),
ϕ⊗ ϕn(x⊗ y) = ϕ(x)ϕn(y).
Since (ϕn(y)) is a central sequence for any y ∈ A, both ι⊗ϕn and ϕ⊗ϕn are approximate
homomorphisms. Thus ι⊗ ϕn(u) and ϕ⊗ ϕn(u) are close to unitaries for the u ∈ B ⊗B
above for all large n.
Since
‖αt(ι⊗ ϕn)(u)− ι⊗ ϕn(αt ⊗ αt(u))‖
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converges to zero uniformly in t ∈ I, we obtain that
‖αt(ι⊗ ϕn)(u)− ι⊗ ϕn(u)‖ < ǫ/2
for t ∈ I and for all large n.
For a finite sum
∑
i xi ⊗ yi ∈ B ⊗B it follows that
‖αt(ϕ⊗ ϕn)(
∑
i
xi ⊗ yi)− (ϕ⊗ ϕn)(
∑
i
αt(xi)⊗ αt(yi))‖
converges to
‖
∑
i
αtϕ(xi)⊗ αt(yi)−
∑
i
ϕαt(xi)⊗ αt(yi)‖
which is less than or equal to ‖(αtϕ− ϕαt)|B‖cb ‖
∑
i xi ⊗ yi‖. Hence it follows that
‖αt(ϕ⊗ ϕn)(u)− (ϕ⊗ ϕn)(αt ⊗ αt(u))‖ < ǫ
′
for any t ∈ I and for all large n and that
max
t∈I
‖αt(ϕ⊗ ϕn)(u)− (ϕ⊗ ϕn)(u)‖ < ǫ
′ + ǫ/2.
Thus we obtain that maxt∈I ‖αt(yn)− yn‖ < ǫ
′ + ǫ for yn = (ϕ⊗ ϕn)(u)(ι⊗ ϕn)(u).
Since, for x ∈ A1,
(ι⊗ ϕn)(u)x ≈ (ι⊗ ϕn)(u · x⊗ 1) = (ι⊗ ϕn)(1⊗ x · u) ≈ ϕn(x)(ι⊗ ϕn)(u)
and
(ϕ⊗ ϕn)(u)ϕn(x) ≈ (ϕ⊗ ϕn)(u · 1⊗ x) = (ϕ⊗ ϕn)(x⊗ 1 · u) ≈ ϕ(x)(ϕ⊗ ϕn)(u),
it follows that ‖ynx−ϕ(x)yn‖→0 for any x ∈ A1 as n→∞. Thus, by choosing a sufficiently
large n and taking the unitary part of the polar decomposition of yn, which is already
close to a unitary, we obtain the conclusion. (As a matter of fact ‖(Ad u−ϕ)|A1‖ can be
made small independently of ǫ.)
Theorem 4.6 Let A be a UHF C∗-algebra with A⊗A ∼= A and γ a universal UHF flow
on A. If α is an approximately inner flow on A such that α ⊗ γ
cc
∼ α, the following
conditions are equivalent:
1. α
cc
∼ γ;
2. The flip is α-invariantly approximately inner.
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Proof. (1)⇒(2). We may assume that α is an inner perturbation of γ, i.e., δα = δγ+ad ih
for some h ∈ Asa. We know that there is a sequence (un) of unitaries in D(δγ) ⊙ D(δγ)
such that u∗n = un, δγ⊗γ(un) = 0, and σ = limnAd un, where σ is the flip of A⊗A. Hence
it follows that un ∈ D(δα⊗α) and that
δα⊗α(un) = ad(ih⊗ 1 + 1⊗ ih)(un) = (ih⊗ 1)un − un(1⊗ ih) + (1⊗ ih)un − un(ih⊗ 1)
converges to zero. This is what we wanted to show; see 4.2.
(2)⇒(1). Since γ∞
cc
∼ γ, we see that there is a sequence (ϕn) in Aut(A) such that
ϕ−1n γϕn→γ and (ϕn(x)) is central for any x ∈ A. Since α is an approximately inner flow
satisfying α
cc
∼ α ⊗ γ∞ and any inner flow can be embedded into γ, we see that α also
satisfies the above condition. Since the flip is both γ and α-invariantly approximately
inner, we can apply 4.5 to both of them.
Let (An) be an increasing sequence of finite type I subfactors of A with A = ∪nAn.
Let ǫ > 0. For A1, α, and 2
−1ǫ (in place of ǫ) we choose B1 as B in 4.5. By 3.2 we
choose ϕ1 ∈ Aut(A) such that for t ∈ I = [−1, 1],
‖(αt − ϕ
−1
1 γtϕ1)|B1‖cb < 2
−2ǫ.
By slightly changing ϕ1 if necessary we assume that ϕ1(B1) ⊂ An for some n > 1; by
passing to a subsequence of (An) we assume that n = 2; i.e., ϕ1(B1) ⊂ A2. We then
choose B2 for A2, γ, and 2
−2ǫ by 4.5 and choose ϕ2 ∈ Aut(A) by 3.3 such that for t ∈ I,
‖(γt − ϕ
−1
2 αtϕ2)|B2‖cb < 2
−3ǫ.
Here we again assume that ϕ2(B2) ⊂ A3 as above. Since B2 ⊃ A2 ⊃ ϕ1(B1), we have that
‖(αt − ϕ
−1
1 ϕ
−1
2 αtϕ2ϕ1)|B1‖cb < (2
−2 + 2−3)ǫ.
By 4.5 we have a unitary u2 ∈ A2 such that
‖(Adu2ϕ2ϕ1 − id)|A1‖ < 2
−1ǫ,
max
t∈I
‖αt(u2)− u2‖ < ǫ.
We choose B3 for A3, α, and 2
−3ǫ as in 4.5. We may further assume that B3 ∋ u2. We
then choose ϕ3 ∈ Aut(A) such that for t ∈ I,
‖(αt − ϕ
−1
3 γtϕ3)|B3‖cb < 2
−4ǫ.
Here again we assume that ϕ3(B3) ⊂ A4. Since ϕ2(B2) ⊂ A3 ⊂ B3, we have that for
t ∈ I,
‖(γt − ϕ
−1
2 ϕ
−1
3 γtϕ3ϕ2)|B2‖cb < (2
−3 + 2−4)ǫ.
We then obtain a unitary u3 ∈ A such that
‖(Adu3ϕ3ϕ2 − id)|A2‖ < 2
−2ǫ,
max
t∈I
‖γt(u3)− u3‖ < 2
−1ǫ.
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We repeat this procedure.
With (ϕn), (Bn), and (un) obtained as above we proceed as follows. Let u1 = 1,
v1 = 1 = v2, and v3 = u2. We define a unitary vn for n ≥ 4 by
vn = un−1ϕn−1(v
∗
n−1).
Since v3 ∈ B3 and ϕn−1(Bn−1) ⊂ Bn, if vn−1 ∈ Bn, we have that vn ∈ Bn for all n. By
letting φn = Ad unϕnAd v
∗
n, we obtain an almost commutative diagram (cf. [6]):
A1
id
−→ A3
id
−→ A5 −→· · ·
φ1 ↓ φ2 ր φ3 ↓ φ4 ր ↓ · · ·
A2
id
−→ A4
id
−→ A6 −→· · ·
This is almost commutative because
φnφn−1 = Ad unϕnAd(ϕn−1(vn−1)u
∗
n−1)Ad un−1ϕn−1Ad v
∗
n−1
= Ad unϕnϕn−1,
which is in the neighborhood of the inclusion An−1 ⊂ An+1 of norm less than 2
−n+1ǫ.
Since (φ2n+1(x)) is a Cauchy sequence for x ∈ ∪nAn, we obtain a homomorphism φ of A
into A as the extension of the limit of (φ2n+1). Since the homomorphism defined as the
limit of (φ2n) is the inverse of φ, it follows that φ is an isomorphism of A onto A.
For t ∈ I we compute:
‖(γtφ2n+1 − φ2n+1αt)|B2n+1‖
≤ 2‖γt(u2n+1)− u2n+1‖+ ‖(γtϕ2n+1Ad v
∗
2n+1 − ϕ2n+1Ad v
∗
2n+1αt)|B2n+1‖
≤ 2‖γt(u2n+1)− u2n+1‖+ 2‖αt(v
∗
2n+1)− v
∗
2n+1‖+ ‖(γtϕ2n+1 − ϕ2n+1αt)|B2n+1‖
< 2−2n+2ǫ+ 2−2n−2ǫ+ 2‖αt(v2n+1)− v2n+1‖.
Since, for t ∈ I,
‖αt(v2n+1)− v2n+1‖ ≤ ‖αt(u2n)− u2n‖+ ‖(αtϕ2n − ϕ2nγt)|B2n‖+ ‖γt(v
∗
2n)− v
∗
2n‖
≤ 2−2n+2ǫ+ 2−2n−1ǫ+ ‖γt(v2n)− v2n‖,
and ‖γt(v2n) − v2n‖ < 2
−2n+3ǫ + 2−2nǫ + ‖αt(v2n−1) − v2n−1‖ and since v2 = 1, we have
that for t ∈ I
‖αt(v2n+1)− v2n+1‖ < 2ǫ+ 2
−2ǫ < 3ǫ.
From the above computations we have that for t ∈ I,
‖(γtφ2n+1 − φ2n+1αt)|A2n+1‖ < 7ǫ.
Thus it follows that for t ∈ I and x ∈ ∪nAn,
‖γtφ(x)− φαt(x)‖ ≤ 7ǫ‖x‖.
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This implies that α is almost conjugate to γ and hence α
cc
∼ γ.
When B1 and B2 are C
∗-subalgebras of A and ǫ > 0, we write B1
ǫ
⊂ B2 if for any
x1 ∈ B1 there is an x2 ∈ B2 with ‖x1 − x2‖ ≤ ǫ‖x1‖. We denote by dist(B1, B2) the
infimum of ǫ > 0 such that B1
ǫ
⊂ B2 and B2
ǫ
⊂ B1.
Let A be a UHF C∗-algebra and α a flow on A. We say that α is a quasi-UHF flow if
there exists a sequence (An) of finite type I subfactors of A such that A = ∪nAn and
sup
|t|≤1
dist(An, αt(An))
converges to zero as n→∞. Then from 6.5 of [5] it follows that
sup
|t|≤1
dist(An ⊗ An, αt(An)⊗ αt(An))
converges to zero as n→∞.
The following is an attempt to prove that the quasi-UHF flows are UHF.
Corollary 4.7 Let A be a UHF C∗-algebra such that A⊗A ∼= A and γ a universal UHF
flow on A. If α is an approximately inner, quasi-UHF flow on A, then α⊗ γ is a cocycle
perturbation of a (universal) UHF flow.
Proof. There exists a sequence (ǫn) with ǫn ց 0 satisfying: For any x ∈ An ⊗ An
with ‖x‖ ≤ 1 and t ∈ I = [−1, 1] there is an xt ∈ An ⊗ An with ‖xt‖ ≤ 1 such that
‖αt ⊗ αt(x)− xt‖ ≤ ǫn.
Let un be a self-adjoint unitary in An ⊗ An which implements the flip σ|An ⊗An.
Since, for x ∈ An with ‖x‖ ≤ 1,
(αt ⊗ αt)(un)x ≈ (αt ⊗ αt)(unx−t) = (αt ⊗ αt)(σ(x−t)un) ≈ σ(x)(αt ⊗ αt)(un),
it follows that ‖[(αt ⊗ αt)(un)un, x]‖ ≤ 2ǫn‖x‖ for x ∈ An ⊗ An. Since there is a vnt ∈
An ⊗ An such that ‖(αt ⊗ αt)(un) − vnt‖ ≤ ǫn, ‖vnt‖ ≤ 1, v
∗
nt = vnt, and σ(vnt) = vnt,
we have that vntun ∈ An ⊗ An is self-adjoint and ‖[vntun, x]‖ ≤ 4ǫn‖x‖ for x ∈ An ⊗ An.
Since ‖(vntun)
2 − 1‖ = ‖v2nt − 1‖ ≤ 2ǫn, vntun must be close to 1 or −1. As we may
choose vnt, t ∈ I to be continuous in t with vn0 = un, we have that vntun is close to 1,
i.e., ‖vntun − 1‖ ≤ 6ǫn. Hence we get that ‖(αt ⊗ αt)(un)− un‖ ≤ 7ǫn for t ∈ I.
Since there is a sequence (wn) of unitaries in A ⊗ A such that σ = limAdwn and
γt⊗ γt(wn) = wn, we have that the sequence (un⊗wn) satisfies that σ = limAd(un⊗wn)
and ‖(αt ⊗ αt ⊗ γt ⊗ γt)(un ⊗ wn) − un ⊗ wn‖→0 uniformly in t ∈ I, i.e., the flip is
α ⊗ γ-invariantly approximately inner. By the previous theorem we can conclude that
α⊗ γ is a cocycle perturbation of γ.
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5 The CAR algebra
When A is the CAR algebra (i.e., A ∼= M2∞), we can give a universal flow in a simple
way.
Theorem 5.1 Let (λn) be a sequence in R and define a UHF flow α on A = M2∞ by
αt =
∞⊗
n=1
Ad
(
eitλn 0
0 1
)
.
Then α is a universal UHF flow on A if and only if there is a subsequence (λnk) such that
limk λnk = 0 and
∑
k λ
2
nk
=∞.
Proof. If α is a universal UHF flow, then the τ bottom marginal spectrum of α must be
full, i.e., Γτ,−(α) = R+, where τ is the tracial state of A (see [12]). If there is an ǫ > 0
such that
∑
n:|λn|<ǫ λ
2
n < ∞, then Γτ,−(α) ⊂ [ǫ,∞) by 5.3 of [12]. Hence there must be a
subsequence (λnk) such that limk λnk = 0 and
∑
k λ
2
nk
=∞.
Conversely suppose that (λn) satisfies the required property. Let (µn) be another
sequence in R and denote by β the UHF flow constructed as in the above statement.
What we have shown in [12] is that α⊗ β
cc
∼ α for all such β. Now what we have to show
is that α ⊗ β
cc
∼ α for any UHF flow β. As in [12] this follows easily from the following
lemma.
Lemma 5.2 Let (λn) be a sequence in R as in the above theorem and let T be a finite
subset of R of order 2k. For any ǫ > 0 there exist an N ∈ N with N > k, a partition P
of the power set PN of {1, 2, . . . , N} into 2
N−k sets of order 2k, and a map F of PN onto
T such that for any S ∈ P , F |S is bijective and
|E(x)−E(y)− F (x) + F (y)| < ǫ, x, y ∈ S,
where E(x) =
∑
i∈x λi.
Proof. This lemma is shown in the case k = 1 in [12]. We will extend the proof there to
cover the general case k > 1, at the same time using the result for the case k = 1.
We write the elements of T as µ1, µ2, . . . , µ2k in the increasing order. Since only the
differences between µi’s matter, we assume that µ2k = −µ1.
For a large N it is certainly not difficult to find a subset {x1, x2, . . . , x2k} of PN such
that (E(x1), E(x2), . . . , E(x2k)) is almost equal to (µ1, µ2, . . . , µ2k) + C for some C ∈ R
since {E(x) | x ∈ PN} is densely distributed in a large interval. We have to cover PN
with the disjoint union of such sets {x1, x2, . . . , x2k}. Then the map F : PN→T is an
obvious one.
Let µ0,i = µi and
µj,i =
1
2
(µ2j(i−1)+1 + µ2ji), i = 1, 2, . . . , 2
k−j,
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for j = 1, 2, . . . , k. Since µ2k = −µ1, we have that µk,1 = 0. For a fixed j, (µj,i) is
increasing in i and
µj,2i−1 < µj+1,i < µj,2i.
By slightly changing µi’s we may assume that all those µj,i’s belong to Zδ for some δ > 0,
which is smaller than ǫ. Furthermore, by using the result for k = 1, we may assume that
all λn = δ.
Fix a large N and define En(x) for x ∈ PN and n ∈ N with n ≤ N by
En(x) =
1
2
(
∑
i≤n, i∈x
λi −
∑
i≤n, i 6∈x
λi)
= (♯{i ∈ x| i ≤ n} − n/2)δ.
We say that x is good if there is a subsequence n1, n2, . . . , nk of even integers such that
Enj(x) = µk−j, ij
for some ij ; in particular Enk(x) = µik . We will make the smallest possible choice for
each nj inductively for j = 1, 2, . . . , k. Since µk−j−1,2i−1 < µk−j,i < µk−j−1,2i, this entails
ij+1 = 2ij − 1 or 2ij .
We claim that if x is good, then x can be matched with other 2k − 1 good ele-
ments of PN in a unique way so that the resulting sequence (x1, x2, . . . , x2k) satisfies that
(Enk(x1), Enk(x2), . . . , Enk(x2k)) exactly equals (µ1, µ2, . . . , µ2k). Since
xi
⋂
{nk + 1, nk + 2, . . . , N}
is independent of i by the construction, it follows that (E(x1), E(x2), . . . , E(x2k)) is equal
to (µ1, µ2, . . . , µ2k) + C for some C, where E(xi) = EN(xi).
If x is good as above, we define x′ ∈ PN by
x′ = x△{nk−1 + 1, nk−1 + 2, . . . , nk},
where △ denotes difference of sets. Then x′ is again good; Enj(x
′) = µk−j,ij for j =
1, 2, . . . , k− 1 and Enk(x
′) = µℓ, where ℓ = ik +1 if ik is odd and otherwise ℓ = ik − 1. In
general if (µk−j,ij) is monotone for j = m,m+ 1, . . . , k, we define x
′ ∈ PN by
x′ = x△{nm + 1, nm + 2, . . . , nk}.
Then we have that x′ is good and Enk(x
′) = µℓ, where ℓ = 2
k−mim if ik is odd and
otherwise ℓ = 2k−m(im − 1) + 1 (since µk−m,im = (µ2k−m(im−1)+1 + µ2k−mim)/2 and ik is
either 2k−m(im− 1)+1 or 2
k−mim by the monotonicity). If we make the smallest possible
choice of n′j such that En′j(x
′) = µk−j,i′
j
, we have that n′k = nk, where the latter is the
choice for x. We may call this process the reflection at (m, im) or loosely at µk−m,im. By
applying the above process inductively we can obtain the other 2k−1 good elements from
one good x, which form the desired set of order 2k. (To understand why we get a set
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of 2k elements in this way we should visualize a binary tree of depth k with each node
labeled by µji such that the root is labeled by µk1 = 0 and if a node is labeled by µk−j,i
with j < k or more precisely is addressed by (k − j, i), meaning that it is at a distance
k − j from the root and at the i’th position from the left among the nodes of distance
k− j from the root, then it has two children labeled by µk−j−1,2i−1 and µk−j−1,2i from left
to right; so the leaves are labeled by µ1 = µ0,1, µ2, . . . , µ2k from left to right. Any good
element x ∈ PN corresponds to a path from the root to a leave of this binary tree, which
is the path determined by (k − j, ij), j = 0, 1, . . . , k with i0 = 1 and (ij) as given in the
definition of good. By the procedure indicated above we get 2k−1 elements corresponding
to other 2k − 1 paths. Note that to each interior node there is a reflection to be applied;
and there are 2k − 1 of them.)
In this way we obtain the family FN of such sets of order 2
k. Since the procedure is
canonical, FN is a disjoint family. Let GN be the union of elements of FN . If x ∈ PN \GN ,
then x is not good and in particular |En(x)| < µ2k for all n = 1, 2, . . . , N .
For each k ∈ Z with |k| < µ2k/δ ≡ K, we have that
♯{x ∈ PN \GN | E(x) = kδ}
♯{x ∈ GN | E(x) = kδ}
converges to zero as even N goes to infinity. Furthermore we have that
♯(PN \GN)
min|k|≤K ♯{x ∈ GN | E(x) = kδ}
converges to zero as even N goes to infinity (since the ratios among ♯{x ∈ GN | E(x) = kδ}
for various k converge to 1).
For each x ∈ PN \GN we specify a subset Sx of GN of order 2K + 1 such that
{E(y) | y ∈ Sx} = {kδ | |k| ≤ K}.
If N is a sufficiently large even integer, we can specify Sx, x ∈ PN \ GN such that Sx’s
are mutually disjoint.
Let {x1, x2, . . . , x2k} be a subset of PN \ GN . If E(x1) = kδ, we make the following
substitutions (simultaneously):
yk−1 ← x1, yk−2 ← yk−1, . . . , y−K ← y−K+1, x1 ← y−K ,
where yk ∈ Sx1 satisfies E(yk) = kδ. After these substitutions we have that E(x1) =
−Kδ = µ1. By making suitable substitutions among {xi} ∪ Sxi for i = 2, . . . , 2
k we have
that E(xi) = µi, i.e., {x1, x2, . . . , x2k} satisfies the desired property. By these substitutions
we have introduced only an error of δ to some sets belonging to FN , i.e., for S ∈ FN
modified by these processes, the elements of S will be ordered as x1, x2, . . . , x2k so that
|E(xi)− µi − C| = 0,±δ for all i and for some C. This completes the proof.
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